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Dark energy might interact with cold dark matter in a direct, nongravitational way. However, the
usual interacting dark energy models (with constant w) suffer from some catastrophic difficulties.
For example, the Q ∝ ρc model leads to an early-time large-scale instability, and the Q ∝ ρde
model gives rise to the future unphysical result for cold dark matter density (in the case of a
positive coupling). In order to overcome these fatal flaws, we propose in this paper an interacting
dark energy model (with constant w) in which the interaction term is carefully designed to realize
that Q ∝ ρde at the early times and Q ∝ ρc in the future, simultaneously solving the early-time
superhorizon instability and future unphysical ρc problems. The concrete form of the interaction
term in this model is Q = 3βH ρdeρc
ρde+ρc
, where β is the dimensionless coupling constant. We show
that this model is actually equivalent to the decomposed new generalized Chaplygin gas (NGCG)
model, with the relation β = −αw. We calculate the cosmological perturbations in this model in
a gauge-invariant way and show that the cosmological perturbations are stable during the whole
expansion history provided that β > 0. Furthermore, we use the Planck data in conjunction with
other astrophysical data to place stringent constraints on this model (with eight parameters), and
we find that indeed β > 0 is supported by the joint constraint at more than 1σ level. The excellent
theoretical features and the support from observations all indicate that the decomposed NGCG
model deserves more attention and further investigation.
PACS numbers: 95.36.+x, 98.80.Es, 98.80.-k
I. INTRODUCTION
The current Universe is dominated by two dark sectors, namely, dark energy (DE) and dark matter (DM), which
is supported by recent astronomical observations [1–3]. However, we still know little about their nature and can
only indirectly detect them via their gravitational effects. This provides us more room to study the possibility that
there exists some direct, nongravitational interaction between DE and DM. Such a possible interaction can help solve
or alleviate several theoretical problems of DE, such as the cosmic coincidence problem [4], the cosmic doomsday
problem led by phantom [5], and the cosmic age problem caused by old quasars [6]. Besides, DE can also exert a
nongravitational influence on DM by dark sector interaction, inducing new features to structure formation, such as
new large scale bias [7] and violation of the weak equivalence principle for DM [8, 9]. Thus, it is very meaningful to
study such an interaction between DE and DM.
The dark sector interaction in the background evolution can be characterized by adding an interaction term Q to
the energy balance equations of DE and DM, i.e.,
ρ˙de = −3H(1 + w)ρde +Qde, (1)
ρ˙c = −3Hρc +Qc, Qde = −Qc = Q, (2)
where ρde and ρc are the energy densities of DE and DM (here, specifically, cold dark matter), respectively, H = a˙/a
is the Hubble expansion rate, and a dot denotes the derivative with respect to the cosmic time t, a is the scale factor
of the Friedmann-Robertson-Walker (FRW) universe, and w = pde/ρde is the equation of state (EOS) parameter of
DE. Due to the fact that the knowledge about the micro-origin of the dark sector interaction is absent, one has to
propose the interacting DE models by writing down the possible forms of Q by hand. So far, lots of phenomenological
forms for Q have been put forward [10–38]. Among them, the models with Q ∝ Hρ and Q ∝ ρ (with ρ either the
energy density of DE/DM or the sum of the two) are widely studied. For the dynamical analyses of the systems in
such interacting DE models, including the situations of the fixed points and their stability, see, e.g., Refs. [39–42].
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2In recent years, it has been found that the interacting DE models may suffer from a large-scale instability at the
early times if the EOS of DE is taken to be a constant. In Ref. [25], the authors gave a detailed investigation on the
perturbation evolutions for the three interacting DE models, Q = Γρc, Q = γHρc, and Q = γH(ρc + ρde), where Γ
and γ are coupling constants. They found that all of them cannot give stable cosmological perturbations at the early
times if w = const and w > −1, while if w < −1, the perturbations are stable. However, it is well known that the
w < −1 case will lead to another instability of our universe in a finite future, and thus usually it is not considered as an
acceptable case. Note that throughout the paper we do not consider the case of w < −1. After this, the instability in
the interacting DE models was reexamined [43]. It is found that the instability depends on the type of the interacting
DE model: if Q = 3βHρde, stable cosmological perturbations could be given, provided that β > 0. The same stability
condition was also pointed out in Ref. [35] for the Q = Γρde model. Thus, it seems that the case with Q proportional
to ρde and with a positive coupling constant provides us with the most acceptable interacting DE model.
1 Indeed,
a positive coupling is favored by observations; see, e.g., Refs. [35, 45–47]. However, this does not mean that there is
no problem in this interacting DE model. Actually, a positive coupling in the model with Q proportional to ρde will
lead to a negative value of ρc in the future. For example, for the Q = 3βHρde case, ρc = ρc0a
−3(1 + r − ra3β−3w)
for a constant w, where r ≡ βρde0/[ρc0(β − w)] and the subscript “0” denotes the present value of the corresponding
quantity, and one can check that ρc < 0 after a ' 1.35 if choosing β = 0.1, w = −0.98, and ρc0/ρde0 = 0.36. This
nonphysical result arises from the fact that a positive coupling results in energy transfer from DM to DE, and the
interaction term Q ∝ Hρde (or Q ∝ ρde) exacerbates this energy transfer in the DE dominated future. Note that the
models with Q proportional to ρc do not have this problem.
In short, for the interacting DE models with constant w, the knowledge acquired from the above discussions can
be briefly summarized as: Q ∝ ρc leads to a large-scale instability at the early times, and Q ∝ ρde gives rise to a
negative ρc in the future. Therefore, it is fairly natural to design an interacting DE model (with constant w) in which
the interaction term Q is proportional to ρde at the early times and proportional to ρc in the future. We expect that
in this model the cosmological perturbations will always be stable during the whole expansion history of the universe
and the negative value of ρc will not occur. We shall show that such a reasonable interacting DE model can emerge
from an existing unified dark fluid scenario, namely, the new generalized Chaplygin gas (NGCG) scenario [48].
Let us consider the interaction form
Q = 3βHρdeRc, (3)
with Rc ≡ ρcρde+ρc . It is clear to see that this form of Q satisfies the above conditions. The interacting DE model
with this form of Q and a constant w can be obtained from the NGCG scenario [48] by setting β = −αw with α the
NGCG model parameter (for the detailed derivation, see Appendix A). So, this interacting DE model is equivalent to a
decomposed NGCG model. Actually, a decomposed generalized Chaplygin gas (GCG) model has been discussed [49].
In Ref. [49], two covariant interaction models are investigated—(1) the so called “barotropic model” in which the
covariant interaction form is proportional to the gradient of the local DM density and (2) the “geodesic model” where
the energy-momentum transfer is parallel to the DM four-velocity. The “geodesic model” is widely studied in the
literature; in this model there is no momentum transfer in the rest frame of DM. When the cosmological perturbations
are absent, the “geodesic model” naturally goes back to the background interaction form, while for the “barotropic
model” how to return back is obscure. Therefore, in this work, we only consider the “geodesic model”. Note also
that the decomposed GCG model [49] describes DM interacting with the vacuum energy (w = −1), and thus the
perturbation of DE is always zero in the DM-comoving frame within the “geodesic model”. In our work, we focus
on the w = const case, for which one must seriously treat the DE perturbation, as there may exist the large-scale
instability mentioned above. We shall show that the model with Q given by Eq. (3) and a constant w (or, the
decomposed NGCG model) is a reasonable, large-scale stable interacting DE model.
Using Eqs. (1)–(3), we can obtain the background energy densities of DE and DM,
ρde = ρde0a
−3(1+w−β)
[
Rc0 + (1−Rc0)a−3(w−β)
] β
w−β
, (4)
ρc = ρc0a
−3
[
Rc0 + (1−Rc0)a−3(w−β)
] β
w−β
. (5)
From the above equations, one can clearly see that both the energy densities of DE and DM are always positive from
the past to the future no matter what sign of β takes, since 0 < Rc0 < 1. Thus, this interacting DE model overcomes
1 It was shown that a time-dependent w can help solve the early-time instability problem [44]. However, a time-dependent w will introduce
at least one more free parameter.
3the flaw that a positive coupling leads to the future nonphysical evolution of ρc in the Q = Γρde or Q = γHρde model.
Furthermore, we will show that this model can also give stable cosmological perturbations at the early times.
Our paper is organized as follows. In Sec. II, we give the general gauge-dependent perturbation equations for the
present interacting DE model. Following Ref. [46], we will consider the perturbation of H in Eq. (3) in order to derive
the gauge invariant evolution equations. In Sec. III, we discuss the stability of cosmological perturbations using a
gauge invariant way. In Sec. IV, we use the Planck data and other observations to constrain the model. We will show
that a positive coupling constant β required by the stable perturbations is also favored by the current observations.
We will give conclusions in the final section. In our analysis, we only care about the w ≥ −1 case to avoid future
instability of our Universe.
II. PERTURBATION EQUATIONS
In this section, we give the general gauge-dependent perturbation equations for the considered interacting DE
model. For simplicity, we only consider a flat universe. Extending the result to a nonflat universe is straightforward.
We follow the notation of Ref. [25] and from here on we use the conformal time η (defined as dη = dt/a) as the
independent variable instead of the cosmic time t. So, the conformal Hubble expansion rate is H = Ha. The flat
FRW metric with scalar perturbations can be written in general as
ds2 = a2
{
− (1 + 2φ)dη2 + 2∂iB dηdxi +
[
(1− 2ψ)δij + 2∂i∂jE
]
dxidxj
}
, (6)
where φ, B, ψ and E are the gauge-dependent scalar metric perturbation quantities. For the given metric (6), one
does not need to modify the linear Einstein equations for the dark sector interaction case, but needs to modify the
conservation equations for A fluid,
∇νTµνA = QµA ,
∑
A
QµA = 0, (7)
where QµA denotes the energy-momentum transfer for A fluid, and T
µν
A is the A-fluid energy-momentum tensor,
TµAν = (ρA + pA)u
µ
Au
A
ν + pAδ
µ
ν + pi
µ
Aν , (8)
where piµAν is the A-fluid anisotropic stress, and we note that ρA and pA contain the contributions of corresponding
perturbations δρA and δpA, respectively. The A-fluid four-velocity is given by
uµA = a
−1
(
1− φ, ∂ivA
)
, uAµ = a
(
− 1− φ, ∂i[vA +B]
)
, (9)
with vA the A-fluid peculiar velocity potential. In our work, we use the A-fluid volume expansion rate θA [50],
θA = −k2(vA +B), (10)
where k is the comoving wave number in the Fourier space.
To complete Eq. (7), one needs a covariant energy-momentum transfer form. However, we cannot obtain it from the
first principle. In our work, we construct it using the background interaction term (3). First, we follow Refs. [51, 52]
and split QAµ relative to the total four-velocity,
QA0 = −a
[
QA(1 + φ) + δQA
]
, (11)
QAi = a∂i
(
fA −QA θ
k2
)
, (12)
where fA represents the momentum transfer potential and θ is the total velocity perturbation. Then, the energy and
momentum balance equations for A fluid from Eq. (7) are given by [25]
δ′A + 3H(c2sA − wA)δA + (1 + wA)θA + 3H
[
3H(1 + wA)(c2sA − wA) + w′A
]θA
k2
− 3(1 + wA)ψ′ + (1 + wA)k2
(
B − E′) = aQA
ρA
[
φ− δA + 3H(c2sA − wA)
θA
k2
]
+
a
ρA
δQA , (13)
θ′A +H
(
1− 3c2sA
)
θA − c
2
sA
(1 + wA)
k2δA +
2
3a2(1 + wA)ρA
k4piA − k2φ
=
aQA
(1 + wA)ρA
[
θ − (1 + c2sA)θA
]− a
(1 + wA)ρA
k2fA , (14)
4where δA =
δρA
ρA
, the prime denotes the derivative with respect to the conformal time η, and c2sA is the sound speed
of A fluid. For a barotropic fluid, c2sA = c
2
aA with c
2
aA the adiabatic sound speed of A fluid defined by c
2
aA ≡ p′A/ρ′A.
However, for the DE perturbation, we cannot take c2s,de = c
2
a,de, since c
2
a,de = w < 0 leads to instability in the dark
energy [53]. So, it is necessary to assume that DE is a nonadiabatic fluid and impose c2s,de > 0 by hand. In our work,
as usual, we take c2s,de = 1; this is what is done in the CAMB code [54].
Next, we calculate δQ for our interacting DE model. From Eq. (3), we have
δQ = Q
[
δH
H
+Rcδde + (1−Rc)δc
]
. (15)
Note that here we consider the perturbation of the Hubble parameter, which is indispensable for the gauge invariant
equations (28) and (30) in the next section. That is to say, without the help of the term δHH , one cannot get the
gauge invariant equations for a dark sector coupling case, if the interaction term Q is proportional to H. In Ref. [46],
the authors pointed out this problem and tried to solve it by considering the perturbation of H for the first time.
In our work, we follow Ref. [46] and take K ≡ 1H
[
θ
3 −Hφ− ψ′ + k
2
3 (B − E′)
]
as the perturbation of H. (Note
that their notation of the metric perturbations is different from ours; the corresponding relationships are A = φ and
HL = − 13k2E − ψ). Substituting Eq. (3) into Eq. (15), and taking δHH = K, we have
aδQc = −aδQde = −3βHρdeRc [K +Rcδde + (1−Rc)δc] . (16)
The momentum transfer potential fA cannot be derived from the background interaction term (3), and one needs
to specify it by hand. In the literature, one often chooses it by assuming that the energy-momentum transfer is
parallel to the four-velocity of either DM or DE, so that the momentum transfer vanishes either in the DM-rest
frame or in the DE-rest frame. In our work, we only focus on the former. We also note that the stability of the
cosmological perturbations is independent of the choice of the energy-momentum transfer type; for this point, see
Ref. [35] and Appendix B of this paper. In Appendix B, the case with the energy-momentum transfer parallel to the
DE four-velocity is also briefly discussed. In this work, as a concrete example, we only analyze in detail the case with
the energy-momentum transfer parallel to the DM four-velocity, i.e.,
aQµc = −aQµde = −3βHρdeRcuµc . (17)
Using Eq. (9), one can get
aQcµ = −aQdeµ = 3βHaρdeRc
[
1 + φ+K +Rcδde + (1−Rc)δc , ∂i (vc +B)
]
. (18)
Comparing Eq. (18) with Eq. (12), one can find
ak2fc = −ak2fde = 3βHρdeRc(θc − θ). (19)
Finally, with the help of Eqs. (16) and (19), pic = 0 = pide, and c
2
s c = wc = 0 = w
′. For our interacting DE model,
Eqs. (13) and (14) can be written as
δ′de + 3H(1− w)δde + (1 + w)
[
θde + k
2(B − E′)]+ 9H2(1− w2)θde
k2
− 3(1 + w)ψ′
= 3βHRc
[
K + (1−Rc)(δc − δde) + 3H(1− w)θde
k2
+ φ
]
, (20)
θ′de − 2Hθde −
k2
(1 + w)
δde − k2φ = 3βH
1 + w
Rc (θc − 2θde) , (21)
δ′c + θc + k
2(B − E′)− 3ψ′ = −3βH(1−Rc)[K +Rc(δde − δc) + φ] , (22)
θ′c +Hθc − k2φ = 0 . (23)
III. LARGE-SCALE STABILITY AND INITIAL CONDITIONS FOR PERTURBATIONS
As mentioned in Sec. I, many interacting DE models suffer from the early-time large-scale instabilities. Such
instabilities arise from the fact that the nonadiabatic mode soon dominates and leads to rapid growth of curvature
perturbation at the early times, even if the adiabatic initial conditions are utilized [25, 44]. Thus, analyzing such
5instabilities is closely related to analyzing the initial conditions for cosmological perturbations. In Ref. [55], the authors
presented a systematic approach to obtaining the initial conditions of cosmological perturbations in a noninteracting
dark sector case using a gauge invariant way. In that approach, the solutions to the perturbation equations of each
component are reduced to those of a first order differential matrix equation,
dU
d lnx
= A(x)U(x), (24)
where x = kη, and
UT =
{
∆c, V˜c, ∆γ , V˜γ , ∆b, ∆ν , V˜ν , Π˜ν , ∆de, V˜de
}
. (25)
Here, the subscripts γ, b, and ν represent photons, baryons, and neutrinos, respectively. ∆A, VA and ΠA are gauge
invariant variables for matters devised by Bardeen [56]:
∆A = δA +H−1 ρ
′
A
ρA
ψ , VA = k
−1θA + k(B − E′) , ΠA = piA. (26)
Note that V˜A and Π˜A in Eq. (25) are the corresponding rescaled quantities, namely, V˜A = VA/x and Π˜A = ΠA/x
2,
respectively. Besides the gauge invariant variables of matters, the metric gauge invariant variables Φ and Ψ are also
used, constructed by [56]
Φ = −ψ +H(B − E′) , Ψ = φ+H (B − E′) + (B − E′)′ . (27)
In Ref. [44], the authors generalized the analyzing approach in Ref. [55] to the dark sector coupling case. In this
part, we apply it to our analysis of the perturbation stability and initial conditions for our interacting DE model.
First, we rewrite the perturbation equations for each component in terms of the gauge invariant variables. Since we
care about the solutions in the early radiation dominated epoch, we can take H = η−1. Then, Eqs. (20)–(23) become
d∆c
d lnx
= −x2V˜c − 3β(1−Rc)
[
Rc(∆de −∆c) + x
2
3
V˜
]
, (28)
dV˜c
d lnx
= −2V˜c + Ψ , (29)
d∆de
d lnx
= 3(w − 1)
{
∆de + 3(1 + w)
(
Ψ + ΩνΠ˜ν
)
+ (1 + w)
[
3− x
2
3(w − 1)
]
V˜de
}
+3βRc
[
(1−Rc)(∆c −∆de) + 3(1− w)
(
V˜de + Ψ + ΩνΠ˜ν
)
+
x2
3
V˜
]
, (30)
dV˜de
d lnx
=
∆de
1 + w
+ V˜de + 3ΩνΠ˜ν + 4Ψ + 3βRc
V˜c − 2V˜de − ΩνΠ˜ν −Ψ
1 + w
, (31)
with Ψ given by
Ψ = −
∑
A=c,b,γ,ν,de ΩA
[
∆A + 3 (1 + wA)V˜A
]
∑
A=c,b,γ,ν,de 3 (1 + wA)ΩA +
2
3x
2
− ΩνΠ˜ν . (32)
Here, we have used the Einstein equation Φ = −Ψ−ΩνΠ˜ν and defined ΩA ≡ ρA/ρcrit for A fluid with ρcrit the critical
density of our universe. For other components, they satisfy the same differential equations as those of the uncoupled
case, given in Ref. [55].
Next, we give the coefficient matrix A(x) in Eq. (24). At the early times, x 1, A(x) can be reduced to a constant
matrix A0, as long as no divergence occurs when x→ 0. We can also take a = H0
√
Ωr0η and ΩA ' ρA/ρr, since the
early universe is dominated by radiation; thus we have
Ωb =
ρb
ρr
=
Ωb0
Ωr0
a =
Ωb0√
Ωr0
H0
k
x = ω1 x , Ωc =
Ωc0R
β/(w−β)
c0√
Ωr0
H0
k
x = ω2 x ,
Ωde =
Ωde0R
β/(w−β)
c0
Ωr0
(√
Ωr0H0
k
)1−3(w−β)
x1−3(w−β) = ω3 x1−3(w−β),
Ων = ρν/ρr = Rν , Ωγ = 1− Ωb − Ωc − Ωde − Ων . (33)
6Here, for DE and DM, we have used Eqs. (4) and (5), and neglected the (1−Rc0)a−3(w−β) term. Note that there is
no divergence term in Eq. (33) when x→ 0 under the assumptions w < −1/3 and small coupling constant β required
by observations. Then, the coefficient matrix A(x) at the zeroth order is given by
A0 =

0 0 0 0 0 0 0 0 0 0
0 −2 N4 N 0 −Rν4 −Rν −Rν 0 0
0 0 0 0 0 0 0 0 0 0
0 0 2Rν−14 2Rν − 3 0 −Rν2 −2Rν −Rν 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 N2 2N 0 1−2Rν4 −1− 2Rν −Rν 0 0
0 0 0 0 0 0 85 −2 0 0
0 0 94MNW 9MNW 0 − 94RνMW −9RνMW 0 3W 9MW
0 4B N (1− B) 4N (1− B) 0 −Rν(1− B) −4Rν(1− B) −Rν 1w+1 1− 8B

, (34)
where N = Rν − 1, W = w − 1, M = 1 + w − β and B = 3β4(1+w) . Now, we can obtain the eigenvalues of A0
immediately,
λi =
{
−2,−1, 0, 0, 0, 0,−5
2
−
√
1− 32Rν/5
2
,−5
2
+
√
1− 32Rν/5
2
, λ−d , λ
+
d
}
, (35)
where
λ±d =
−2 + 3w
2
− 3β
1 + w
±
√
9w4 + 30w3 + 13w2 − 12βw − 28w + 36β2 − 12β − 20
2(1 + w)
. (36)
The approximate solutions to Eq. (24) are a linear combination of xλiU
(i)
0 , where U
(i)
0 is the eigenvector corre-
sponding to eigenvalue λi. Thus, the mode with negative Re(λi) will soon decay or oscillate while that with positive
Re(λi) will dominate the evolution of each component. Under the condition that 0 < Rν < 0.405, the only possi-
ble eigenvalues with positive Re(λi) are λ
±
d . Thus, the sign of Re(λ
±
d ) plays an important role in the evolutions of
cosmological perturbations.
Let us first consider the Re(λ±d ) < 0 case. Under this condition, the largest Re(λi) of Eq. (35) is zero, which is
fourfold degenerate. According to Ref. [55], the eigenvectors corresponding to these four eigenvalues construct the
basis for the four initial conditions, one adiabatic mode and three isocurvature modes. Here we give the adiabatic
initial conditions, obtained by setting the gauge invariant entropy perturbation SAB to be zero, where
SAB = −3HρA
ρ′A
∆A + 3HρB
ρ′B
∆B . (37)
For DM, baryons, photons and neutrinos, the condition SAB = 0 gives
∆c = ∆b =
3
4
∆γ =
3
4
∆ν . (38)
Using the above equation we have
U0 =

∆c
V˜c
∆γ
V˜γ
∆b
∆ν
V˜ν
Π˜ν
∆de
V˜de

= C1

3/4
−(5/4)P
1
−(5/4)P
3/4
1
−(5/4)P
−P
(3/4) (1 + w − β)
−(5/4)P

, (39)
where P = (15 + 4Rν)−1, and C1 is a dimensionless normalization constant. We can see from Eq. (39) that DE
automatically obeys the condition SAB = 0 and all the perturbations are stable. Thus, Eq. (39) give us the adiabatic
initial conditions for stable Re(λ±d ) < 0 case.
7For the Re(λ±d ) > 0 case, according to the discussion of Ref. [44], the DE perturbation will dominate at the early
times and drag other perturbations onto nonadiabatic blowup even if they are adiabatic at the initial times. Thus,
Re(λ±d ) > 0 corresponds to the instable case. From Eq. (36), we find that the parameter interval that can give stable
cosmological perturbations (Re(λ±d ) < 0) is β > 0 under the assumption w > −1, which is the same as that in models
Q = 3βHρde and Q = Γρde. As an example for the stable case, we plot the evolutions of gauge invariant matter and
metric perturbations in Fig. 1, for k = 0.01 Mpc−1, k = 0.1 Mpc−1 and k = 1.0 Mpc−1. Here we choose w = −0.98,
β = 0.1, and fix other cosmological parameters at the best-fit values from Planck. We can clearly see that all the
perturbation evolutions are normal and stable. Besides, we can also see from Fig. 1 that due to the existence of DE,
the late-time evolutions of the metric perturbations Φ and Ψ for k = 0.01 Mpc−1 suddenly change at log10 a ' −0.4,
which is the source of the late-time integrated Sachs-Wolfe effect [57] on the large scale. Figure 1 also presents an
exotic feature that the perturbation of DE oscillates when baryons and photons are tightly coupled. This oscillation
feature for DE arises from the K term in Eq. (20), since K contains the total velocity θ which oscillates when baryons
and photons are tightly coupled. However, as pointed out in Ref. [46], the K term does not significantly affect the
observational constraint results.
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FIG. 1: The evolutions of gauge invariant matter perturbations and metric perturbations for k = 0.01 Mpc−1, k = 0.1 Mpc−1
and k = 1.0 Mpc−1. Here, we choose w = −0.98 and β = 0.1, and fix other cosmological parameters at the best-fit values from
Planck.
IV. OBSERVATIONAL CONSTRAINTS
In this section, we constrain our interacting dark energy model using current observational data. What we most care
about here is whether a positive β required by stable cosmological perturbations is consistent with the observations.
We modify the CAMB code [54] for our interacting dark energy model. In the synchronous gauge (φ = B = 0, ψ = η,
8and k2E = −h2 − 3η), Eqs. (20)–(23) become
δ′de = −3H(1− w)
[
δde + 3H(1 + w)θde
k2
]− (1 + w)θde − (1 + w)h′
2
+ 3βHRc
[
(1−Rc)(δc − δde) + θ
3H +
h′
6H + 3H(1− w)
θde
k2
]
, (40)
θ′de = 2Hθde +
k2δde
(1 + w)
− 3βH
1 + w
Rc(2θde − θc), (41)
δ′c = −θc −
h′
2
− 3βH(1−Rc)
[
Rc(δde − δc) + θ
3H +
h′
6H
]
, (42)
θ′c = −Hθc. (43)
We use the adiabatic initial conditions obtained in the last section to solve the cosmological perturbation equations,
and set θc = 0 at the initial times so that DM is always at rest in the synchronous gauge.
We use the public Markov-Chain Monte-Carlo (MCMC) package CosmoMC [58] to explore the space of the cosmo-
logical parameters. The free parameter vector is{
Ωb0h
2, Ωc0h
2, H0, τ, w, β, ns, ln(10
10As)
}
. (44)
Here, h is the Hubble constant H0 in units of 100 km s
−1 Mpc−1, τ is the optical depth to reionization, and ln(1010As)
and ns are the amplitude and the spectral index of the primordial scalar perturbation power spectrum for the pivot
scale k0 = 0.05 Mpc
−1. The priors of all the free parameters used in running MCMC are listed in Table I. Note that
we directly use H0 as a free parameter in place of the commonly used parameter θMC defined as the approximation
to the ratio of the comoving sound horizon at z = z∗ (with z∗ the redshift when the optical depth equals unity).
CosmoMC using θMC instead of H0 is due to that θMC is much better constrained than H0. However, the value of z∗
used to derive θMC comes from a fitting formula in Ref. [59], which assumes a standard noninteracting background
evolution. In our work, we fix the effective number of neutrinos Neff = 3.046 and the total mass of standard neutrinos
Σmν = 0.06 eV, adopted as the same as Ref. [60].
For the observations, we use the following data sets:
• The cosmic microwave background (CMB) observations including the high-l TT likelihood at l = 50–2500 and
the low-l TT likelihood at l < 50 from Planck and low-l TE, EE, BB likelihood (polarization measurements)
from 9-year WMAP. All the data can be downloaded from Planck Collaboration [61].
• The type Ia supernova (SN) observations of 580 data from Union2.1 sample (without considering the systematic
errors) [62].
• The baryon acoustic oscillation (BAO) data at z = 0.106 from the 6dF Galaxy Survey [63], z = 0.35 from the
SDSS DR7 measurement [64] and z = 0.57 from BOSS DR9 measurement [65].
• The Hubble constant measurement, H0 = 73.8± 2.4 km s−1 Mpc−1, from the HST [66].
Our fit results are summarized in Table I and Fig. 2. The best fit of the coupling constant β is 0.1385 and its 68%
limits are 0.178+0.081−0.097, which are greater than 0 at more than 1σ confidence level. This result is consistent with that
obtained in a latest fit work [47] using Planck data to constrain the Q = 3βHρde model. From Fig. 2, we find that
there exists a strong anticorrelation between the coupling constant β and the physical cold dark matter density Ωc0h
2,
which results in a low value of Ωm0 and a high value of Ωde0 as shown in Table I, since a positive coupling constant β
is favored by observations. These results can be easily understood. For our interacting dark energy model, a positive
coupling constant β leads to the energy transfer from DM to DE, and so the stronger coupling is, the lower energy
density of matter becomes.
V. CONCLUSIONS
There exists an important possibility that dark energy interacts with cold dark matter in some direct, nongrav-
itational way. In this paper, we focus on the interacting dark energy models with constant w (and w > −1); this
class of models may also be called interacting wCDM model. For the widely studied forms of interaction, Q ∝ ρc (or
Q ∝ Hρc) and Q ∝ ρde (or Q ∝ Hρde), there are some fatal flaws in the model. For instance, Q ∝ ρc leads to a
large-scale instability at the early times, and Q ∝ ρde (with a positive coupling) gives rise to an unphysical result for
9TABLE I: The fit results for the free parameters and some derived parameters. We give their best-fit values as well as the
marginalized 68% confidence limits. We also present the prior ranges of the free parameters used in running MCMC.
Parameter Prior Best fit 68% limits
Ωb0h
2 [0.005, 0.1] 0.02208 0.02208+0.00025−0.00025
Ωc0h
2 [0.001, 0.99] 0.0987 0.0934+0.0110−0.0109
H0 [20, 100] 70.0 69.7
+1.2
−1.2
τ [0.01, 0.8] 0.082 0.089+0.012−0.014
w [−1, −0.3] −0.9908 −0.9657+0.0071−0.0342
β [0, 1.0] 0.1385 0.178+0.081−0.097
ns [0.9, 1.1] 0.9630 0.9616
+0.0062
−0.0062
ln(1010As) [2.7, 4.0] 3.074 3.087
+0.025
−0.025
Ωde0 0.7521 0.7603
+0.0286
−0.0290
Ωm0 0.2479 0.2397
+0.0290
−0.0286
zre 10.42 10.00
+1.09
−1.09
Age/Gyr 13.744 13.755+0.038−0.038
100θ∗ 1.04184 1.04151+0.00058−0.00058
the evolution of cold dark matter density, i.e., negative ρc in the future. In order to overcome these flaws, we propose
in this paper an interacting wCDM model with Q = 3βH ρdeρcρde+ρc , and show that this model is a reasonable, large-scale
stable interacting dark energy model.
By carefully designing the form of Q, this model gets excellent features: At early times, Q ∝ ρde, and so the
early-time large-scale instability can be avoided; in the future, Q ∝ ρc, and thus the problem of negative ρc can be
eliminated.
We have calculated the cosmological perturbations in this model. We also considered the perturbation of the Hubble
parameter H in the calculation in order to get the gauge invariant equations for the dark matter and dark energy
perturbations. We find that the cosmological perturbations in this interacting wCDM model (with w > −1) are stable
during the whole expansion history provided that β > 0. We have also used the CMB temperature data from Planck
and CMB polarization data from 9-yr WMAP, in conjunction with the SN data, BAO data, and H0 measurement, to
place stringent constraints on this model (with eight parameters). We find support for β > 0 from the joint constraint:
0.081 < β < 0.259 (68% CL).
We also show that this interacting wCDM model is, actually, equivalent to the decomposed NGCG model [48],
with the relation β = −αw. The excellent theoretical features and the support from observations all indicate that
the decomposed NGCG model should be payed more attentions in the future. Recently, the Planck Collaboration
reported that the CMB data are in tension with other astrophysical data sets such as the direct measurement of H0
and the SN data, based on the 6-parameter ΛCDM model. It has been found that the tension between CMB and
H0 could be greatly reduced if a dynamical dark energy is considered (e.g., wCDM model or holographic dark energy
model) [67]. Furthermore, if the possible evolution of the color-luminosity parameter in SN is also considered, the
tension between CMB and SN might also be significantly reduced [68, 69]. Therefore, it is of great interest to see
if the Planck data and other astrophysical data are consistent with each other in the framework of interacting dark
energy. We will leave the full analysis on this model by using the observational data in the future work.
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Appendix A: Decomposed NGCG model
The EOS of the NGCG is given by [48]
pCh = − A˜(a)
ραCh
, (A1)
10
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FIG. 2: The one-dimensional marginalized distributions and two-dimensional marginalized 68% and 95% contours, for the
parameters in our interacting dark energy model.
where A˜(a) = −wAa−3(1+w)(1+α), with α a dimensionless parameter and A a positive constant. The NGCG is
designed as a unification scheme for DE and DM; however, on the other hand, it can also be viewed as an interacting
wCDM model, provided that it is decomposed into the two components, DE (with constant w) and CDM,
ρCh = ρde + ρc. (A2)
The continuity equations for DE and DM are given by Eqs. (1) and (2). Since DM is pressureless, the pressure of the
NGCG is provided only by DE, i.e., pCh = pde. Therefore, from Eqs. (A1) and (A2), we have
A = ρde(ρde + ρc)
αa3(1+w)(1+α). (A3)
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Since A is a constant, we have A˙ = 0. Furthermore, using A˙ = 0 and Eqs. (1), (2) and (A3), we obtain the interaction
term,
Q = −3αwHρdeRc. (A4)
Comparing Eq. (A4) with Eq. (3), we find the relation β = −αw. So, the interacting wCDM model with such an
interaction term is actually equivalent to the decomposed NGCG model.
Appendix B: Model with the energy-momentum transfer parallel to the four-velocity of dark energy
The stability of the cosmological perturbations is independent of the choice of the energy-momentum transfer type
and the cosmological constraint results are also similar for different types of the energy-momentum transfer [35]. Here
we give a brief discussion on the evolutions of the cosmological perturbations when the energy-momentum transfer is
parallel to the four-velocity of DE. In this case, the covariant interaction form is
aQµc = −aQµde = −3βHρdeRcuµde. (B1)
This covariant interaction form gives the same energy balance equations (20) and (22) for DE and DM but different
momentum balance equations,
θ′de − 2Hθde −
k2
(1 + w)
δde − k2φ = − 3βH
1 + w
Rcθde , (B2)
θ′c +Hθc − k2φ = 3βH(1−Rc)(θc − θde) . (B3)
Using Eqs. (B2) and (B3), we can derive the evolutions of gauge invariant matter and metric perturbations, plotted
in Fig. B1, for k = 0.01 Mpc−1, k = 0.1 Mpc−1 and k = 1.0 Mpc−1. Here all the values of the cosmological parameters
are set as the same as those used in Fig. 1. We can clearly see that the perturbations are also stable in the case with
the energy-momentum transfer parallel to the four-velocity of DE.
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